Problem Set 1 Solutions
Due: Sept. 3, 2008

1. A second-rank tensor is symmetric if it is unchanged when you interchange the indices (s¥# = s#**)and
it is antisymmetric if it changes sign (a"* = —at).

(a) How many independent elements are there in a symmetric tensor? (Since s

(b)
(c)

2l = 512 this counts

as only one independent element.) In an antisymmetric tensor?

If s#¥ is symmetric, and a*” is anti-symmetric, show that s**a,, = 0.

Show that any second-rank tensor t** can be written as the sum of an anti-symmetric part (a*”)
and a symmetric part (s#¥): t** = s*” + o*”. Construct a*” and s*” explicitly, given t#.

Solution:

(a)

In a symmetric tensor, we have four diagonal components that are independent, and six off-
diagonal components (half of the twelve total), so we have 10 independent components in four
dimensions.
In an arbitrary number of n dimensions, we have n diagonal elements, and n? — n off-diagonal
elements (half of which are independent), so we have in general

nn—1) n(n+1)

S

independent components.

For an antisymmetric tensor, we have the same number of off-diagonal components (since a*” =
—a”", these are not independent), and all the diagonal components must be zero, so we have 6
(or (n? —n)/2 in general) independent components.

We can write this out, putting the explicit summations in:

3 3

3 3 3
v v 17
g E s"au, = g s"ay, + g s"ay + g s"ay,

pn=0r=0 pn=0 n>v pn<v
3 3
= g s‘“’aw,—i-g s ay,
nw>v v<p

We got rid of the first term because the diagonal elements of a are zero, and we interchanged u, v
in the last term, which is allowed because these are dummy indices. Using the fact that s** = s"#
and a¥ = —a"", we can see that this final term equals the opposite of the first term, thus

v —
s"ay, =0

Since a second-rank tensor has n? (or 16 in four dimensions) free components, then we can see
that with the n(n+1)/2 components in s, and the n(n—1)/2 components in a, then the right-hand
side of

W — ghv 4 gk

has the same number of independent parameters as the left-hand side. We can also write, using

the symmetry properties of s, a:
Y — ghV _ MV

so that !
S =S [ +

1
at = Z [t — VM



2. An important tensor is the rank-4 tensor: e**??. This is defined to be completely antisymmetric (it
changes sign under the interchange of any two indices, and is zero is any two are the same), with the
definition that €°1?® = +1. Under a Lorentz transformation, this will transform as

111t
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Determine, in terms of the orginal tensor €, what ¢’ is with the following Lorentz transformations:

(a) A Lorentz boost in the 3-direction with speed wv.
(b) A parity transformation, where A" , = P* , = diag(1, -1, 1, ~1).

(c) A time-reversal transformation, where A , = T" , = diag(~1,1,1,1).

Solution:

(a) A Lorentz boost in the 3-direction has the form

()

v 0 0 —w
0 1 0 O
noo_
A, = 0 01 0O
—yv 0 0 ~

This is symmetric under y < v interchange, while the epsilon tensor is antisymmetric under the
interchange of any two indices. This means that € is also antisymmetric under the interchange of
any two indices, as we can see for example, with u < v:
N\vupo w'v'p'a’ Av 1% 14 o
(6) = € A M/A V’A PIA o’
o1l
= EV Hpo AUU/A##/APP/AUO./
N
_ _ MV poOo v 1% P o _ N\ pvpo
= € A U’A ,LL’A p/A o = (6)

Thus, if we determine just one component of ¢/, we will know all of them.
We can determine ¢’ for urpo = 0123 easily:

111t

(6/)0123 R AO#IAIV/AZP/ASU/

For A! A2p,, there is only one non-zero entry, and two for the others. Writing these out:

v

’ ’
(6/)0123 — 60120 AOOAga/ 4 63120 A03A30/
0123 A0 A3 3120700 A3
O1ZBNO A3, 4 H12000 A3
— 0123 0 A3 0 A3
= ¢ [AoAs_A3A0}

= B [42  (—qp)?] = 012842 [1 - 2] = 0128

Thus, under a boost:
(El)v,upcr — ehvpo

(Note: this is also true for any boost and any rotation.)

For a parity transformation, we only have the diagonal elements:
(€)0128 = en'V'p'o PO#,P1V/P2PIP3U, = O12(11)(—1)(=1)(~1) = —"128

So this tensor is odd under parity.

For time-reversal, we have T#, = —P*,  so we can take the result of the previous part and get

(El)uy,pa' — _hvpo



N
3. Particle A, at rest, decays as follows: A — Z B;, with N > 3.
i=1

(a) Determine the maximum and minimum energies that By can have in such a decay, in terms of
the various masses.

(b) What is the maximum energy of the electron in the basic beta decay reaction n — p + e~ + v,
assuming the neutrino is massless?

Solution:

(a) The minimum energy of Bj is rather trivial, as it could have zero momentum, and thus
Emin =m

As for the maximum energy, this happens when B,, for n > 2 are all moving in the same direc-
tion, exactly opposite the direction of By. If any of the particles have motion in the directions
perpendicular to the direction of B, we have to put energy into that motion.

We can define the four-momentum of the ¢ > 2 particles as

P = p; = (E,P)

i>2

and this satisfies

P2 = M?= Zmi

i>2
and P = —p;. Also, from energy conservation:
ma = E + El .
Now this means that
PA = (m+P)?
m124 = m%+M2+2p1-P
m%4 = mi+M?+2(EE+p))
m% = mi+M?+2(Ei(ma— Ey)+ Ef —mi)
my = —m?+M?42maE,
or
B ma - MPami

2mA
(b) If the neutrino is massless, then we have M = m,, so we would expect

2 2 2
my —m;, +mg

=1.2926 MeV

Ee,max = m
n

4. Show that if £ is a Lorentz scalar, that is
L—L =L

under a Lorentz boost, that the action S = f d*zL is Lorentz invariant. The question here is how do
volumes change under a Lorentz boost?



Solution:

What is important here is to realize that we can write a Lorentz transformation as

d(z')H
AP =
v dxv

so it is a change of basis for spacetime variables. Under a Lorentz transformation, we have

S = /d4x£ — /d4:v’£

The matrix describing this change of basis is precisely A and we know that

/d4 ':/d4x|J|

where J is the Jacobian, given by the determinant of A. This of course was shown to be £1, and thus

/d4’:/d4x

which is precisely what we wanted to prove.

. A useful theoretical set of kinematic invariants are the Mandelstam variables, defined for a 2 — 2 body
scattering process: A+ B — C+ D,

s = (pa+pB)’=(pc+pp)?
t = (pa—pc)®= e —pp)
u = (pa—pp)* = (pB—pc)?

(a) Show that s+t +u =m?% +m% + mZ + m%.
(b) Determine in the CM frame, s in terms of the CM energy Ecy = Ea + EB

(¢) In the CM frame in the special case of all four masses being identical, determine ¢ and « in terms
of the three-momentum and the scattering angle 8¢y, defined by the angle between A and say,
C.

(d) Now for the case of elastic scattering (A + B — A + B) in the lab frame (pp = 0), determine
s,t, and u. Note that your expressions for ¢ and u will be complicated, so you can leave them
in terms of the incoming and outgoing A energies as well as the angle between the incoming and
outgoing A’s. Just include all equations (coming from conservation of momentum/energy) that
would allow you to implicitly write s, ¢, u in terms of just two variables.

Solution:

(a) This we can do by simple substitution:

stt+u = (pa+pp)’+(pa—pc)+(pa—pp)

m? +mp +2pa-pp +mi +mg —2pa-pe+mi +mih —2pa-pp
3m% +m% +mg +mp +2pa - (pp — pc — pp)

3m% +mE +mE& +mh +2pa - (—pa)

_ 2 2 2 2 2 2 2 2 2

= 3Imy +mp+mg+mp —2my =my +mp +me +mp



(b)

In the CM frame, we have the three momentum given by

PA = —PB

so the four-momentum
pa+pp = (Ea+ Ep,0)

and
s=(Ea+Ep)* =FE%,

If all the masses are equal, then all the momenta have the same magnitude |p|, and they all have

the same energy (so the zero components of pa — pc = pa — pp are zero). t is given by

t = (pa—pc)’
= —(pa—pc)?
= —|p/* = Ip|* — 2|p|*cos 0
= —2|p*(1 + cosf)

We can easily calculate u because if the angle between A and C' is 0, then that between A and D
is § — 7, so
u = —2|p|*(1 — cosh)

We have the momenta, say
initial: pa = (F,0,0,p) , pp = (mp,0)
final: pa = (E',p'sin6,0,p cos®) , pp = (Ep,—ppsing,0,pp cos¢)
We have the following equations from energy-momentum conservation:
E+mp=FE +FEp

p'sinf = ppsin ¢
p=p cosf + ppsin¢
So first:

s=(pa+pp)?=(E+mp)?—p*>=E>+m%+2Emp — p* =m% +m% + 2Emp

For ¢ we have the difference in the initial and final A momenta squared (notice that there is a bit
of an ambiguity in the definition of ¢t and u, and generally we define ¢ to be the difference of the
four momenta of the “most similar” particles)

t=(phs —ph)* = (' — E)> = (p))*(sin® 0 + cos’ 0) = (E')* + E* = 2E'E — (p/)?
or
t=m? +E*-2E'F

but recall that ultimately E’ is a function of the angles ¢, 8, given by the three equations above
(combined with the 3 energy-momentum relations). We will leave the equations in this implicit
form.

For u, we could calculate it directly or use
_ 2 2
s+t+u=2(m3 +mpg)

SO
u=(mp—E)>+2F'FE



6. Construct higher spin states for SU(2), as has been done in Quantum Mechanics for the spin-1/2 state.
This will be useful not just for angular momentum, but for when we discuss isospin. For spin 1 we
have three states (ms = 41,0, —1), which we may represent by column vectors:

1 0 0
of, |1/, |9,
0 0 1

respectively. The only problem is to construct the 3 x 3 matrices 51,52, 53. The latter is easy:

(a) Construct S; for spin 1.

(b) To obtain Sy 2, it is easiest to start with the “raising” and “lowering” operators, Sy = S £ @S2,
which have the property

Si|s,ms) = v/s(s + 1) — mg(ms & 1)|s, (ms £ 1))

Construct the matrices S; and S_ for spin 1.
(¢) Now determine S; and Ss.

(d) Carry out the same construction for spin 3/2.

Solution:

(a) Since we work in a basis that has S3 diagonal, then it must be composed of its eigenvalues:

0
0
-1

Ss =

o O =
o O O

(b) For Sy, we start from the ms = 41 state, and lower it:
S_|1,4+1) = V2|1,0)

and again

S_[1,0) = V2[1,-1)

and finally if we act S_ on |1, —1), we get 0. Using the basis of vectors above, we get the matrix

S_=1V2
V2 0

The empty spaces can be anything, and we’ll set them to zero. S; can be found just by taking
the dagger of this, so we have

0 V2 0
Sy=(0 0 V2
0 0 0

(c) From these, we get

. [0 V2 oo L (0 1o
0 V2 0 2\0 1 0
and
. L0 V2 o0 L [0 —i 0
2i 2i 0 -3 0 V2 0 0



(d) Doing this for the spin-3/2 case is very straightforward. First

3/2 0 0 0
g — 0 1/2 0 0
7o o -1/2 o0
0 0 0 —3/2
We have the eigenvectors
1 0 0 0
0 1 0 0
0l °’ ol "’ 1] 0l °’
0 0 0 1
and we can calculate the St matrices. We have
0O 0 0 O
5 — V3 0 0 0
710 2 0 0
0 0 V3 0
and then
0 V3 0 0
g, - 0O 0 2 0
*71lo 0o 0 V3
0O 0 0 O
so that
0 V3 0 0
g _L|Vv3 0 2 0
Y210 2 o0 V3
0 0 V3 0
and



