
Problem Set 4

Due: Oct. 8, 2008

Note, for parts of this homework, you will have been expected to work through at least some of the
derivation of the solutions to the Dirac Equation.

1. In the handout on the Dirac Equation, I defined the spin operator S defined in terms of Σ. Prove that
indeed the Dirac equation gives us a spin-1/2 particle. Do this using the Dirac Hamiltonian

H = α · p + βm

and show that
[H,L] 6= 0

where L = x × p is the orbital angular momentum operator. Determine the total angular momentum
operator J in terms of L and S, and show that this commutes with the Hamiltonian. Explain why this
implies a spin of 1/2 for a Dirac field (in other words, show that u(1),(2) and v(1),(2) are eigenvectors of
S2, and give the eigenvalues).

Solution:

We can see that

[H,Li] = εijk[α`p` + βm, xjpk]

= εijk[α`p`, xjpk] + εijk[βm, xjpk]

= εijkα` {[p`, xj ]pk − xj [p`, pk]}

= εijkα` − iδ`jpk

= −iεijkαjpk = −iα× p

Thus, we can define the spin operator

Si =
1

2
Σi =

1

2

(

σi 0
0 σi

)

and with

αi =

(

0 σi

σi 0

)

we can see

[H,Si] =
1

2
[α`p` + βm,Σi]

=
1

2
[α`,Σi]p`

=
1

2

[(

0 σ`

σ` 0

)

,

(

σi 0
0 σi

)]

p`

=
1

2

(

0 [σ`, σi]
[σ`, σi] 0

)

p`

= −iεj`k

(

0 σk

σk 0

)

p`

= −iεj`kαkp`

= +iα × p

and so
J = L + S
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is conserved. Acting S on all of the spinors we get 3/4 = s(s + 1), implying the spin of the Dirac
fermion is 1/2. Note that while acting Sz on the spinors gives ±1/2, this is not completely sufficient
to show that the total spin is 1/2, as a spin-3/2 particle has Sz components of ±1/2.

2. Griffiths 7.43 [This is to calculate e−µ− scattering in the “Yukawa theory,” where the photon is a
massive spin-0 field, with a propagator given by i/(q2 − m2

γ) and the 2-fermion-1-photon vertex is
given by ie.]

Solution:

(a) There is only one diagram, and we assign p(p′) to the incoming (outgoing) electron, and we assign
k(k′) to the incoming (outgoing) muon. q = p− p′ = k− k′ is the momentum of the intermediate
scalar field. All external lines are particles, so we only have u, ū’s.

−iM = ū(s′)(p′)(ie)u(s)(p)
i

q2 −m2
γ

ū(r′)(k′)(ie)u(r)(k)

or

M = e2
ū(s′)(p′)u(s)(p)ū(r′)(k′)u(r)(k)

q2 −m2
γ

(b)

〈|M|2〉 =
1

4

∑

ss′rr′

e4

(q2 −m2
γ)2

ū(s′)(p′)u(s)(p)ū(s)(p)u(s′)(p′)ū(r′)(k′)u(r)(k)ū(r)(k)u(r′)(k′)

=
1

4

e4

(q2 −m2
γ)2

Tr[(p/′ +me)(p/+me)] Tr[(k/′ +mµ)(k/+mµ)]

(c) Neglecting the masses:

〈|M|2〉 =
1

4

e4

(q2 −m2
γ)2

Tr[p/′p/] Tr[k/′k/]

=
4e4

(q2 −m2
γ)2

(p · p′)(k · k′)

We have S = 1 in the expression for the cross section, and we have the energies of all particles
the same, E. Also we will set for the four-momenta

p = (E,Eẑ), p′ = (E,Ek̂), k = (E,−Eẑ), k′ = (E,−Ek̂)

with k̂ · ẑ = cos θ. Also, q2 = (p′ − p)2 = −2p · p′. So:
(

dσ

dΩ

)

CM

=
1

64π2(2E)2
〈|M|2〉

=
1

16(64π2E2)

e4

(q2 −m2
γ)2

Tr[p/′p/] Tr[k/′k/]

= 16
1

16(64π2E2)

e4

(q2 −m2
γ)2

(p′ · p)(k′ · k)

=
1

64π2E2

e4

(q2 −m2
γ)2

(p′ · p)(k′ · k)

=
1

64π2E2

e4

(q2 −m2
γ)2

(E2 − E2 cos θ)2

=
α2

4E2

1

[2(1 − cos θ) + (mγ/E)2]2
(1 − cos θ)2
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(d) Assuming mγ � E, we can neglect the 1 − cos θ term:

(

dσ

dΩ

)

CM

=
α2

4E2

E4

m4
γ

(1 − cos θ)2

σ =
4πα2E2

3m4
γ

(e) So in the lab frame, in the limit |pe| � me � mγ � mµ, we can write the energy of the electron
as:

E =
√

|pe|2 +m2
e ≈ me

(

1 +
1

2

|pe|
2

m2
e

)

and we have
p = (E, |pe|ẑ), p′ = (E, |pe|k̂), k = (mµ, 0), k′ = (mµ, 0)

Again k̂ · ẑ = cos θ, and we are neglecting the final three-momentum of the muon, as we assume
it does not recoil. Also, in this case

q2 = (p′ − p)2 = −2|pe|
2(1 − cos θ) = −4|pe|

2 sin2(θ/2)

〈|M|2〉 =
1

4

e4

(q2 −m2
γ)2

Tr[p/′p/] Tr[(k/′ +mµ)(k/ +mµ)]

=
4e4

(q2 −m2
γ)2

(p · p′)(k · k +m2
µ)

=
8e4

[4|pe|2 sin2(θ/2) +m2
γ ]2

(E2 − |pe|
2 cos θ)m2

µ

=
16e4

[4|pe|2 sin2(θ/2) +m2
γ ]2

(E2 − |pe|
2 cos θ)m2

µ

and now, with the result of Problem 6.10, using the fact that |pe|
2 � m2

γ

(

dσ

dΩ

)

lab

=
E2

64π2m2
µE

2
〈|M|2〉

=
4α2

[4|pe|2 sin2(θ/2) +m2
γ ]2

[m2
e + |pe|

2(1 − cos θ)]

≈
α2

4|pe|4 sin4(θ/2)
m2

e

=

(

αme

2|pe|2 sin2(θ/2)

)2

=

(

α

2mev2 sin2(θ/2)

)2

This is precisely the Rutherford cross-section! Note it doesn’t matter what type of particle is
exchanged to obtain this cross-section, and this is due to the non-relativistic limit. Obviously the
total cross-section is infinite.

3. Use crossing symmetry on your result from |M|2 in the previous problem to determine the prediction
for e+e− → µ+µ− in the Yukawa Theory. Show that the spin-averaged cross section is given by what
we showed in class in the limit mγ → 0.

Solution:
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The amplitude for
e−(p)e+(p′) → µ+(k)µ−(k′)

is the same as that for
e−(p)µ−(−k) → e−(−p′)µ−(k′)

and the four-momenta are as above.

The amplitude above would be the same as the amplitude for So we have, with q2 = (p + p′)2, and
setting mγ = 0:

〈|M|2〉 =
4e4

(q2)2
(p · p′ −m2

e)(k · k
′ −m2

µ)

=
e4

4E4
(2E2 − 2m2

e)(2E
2 − 2m2

µ)

= e4
(

1 −
m2

e

E2

)

(

1 −
m2

µ

E2

)

so
(

dσ

dΩ

)

CM

=
1

64π2(2E)2
|pµ|

|pe|
〈|M|2〉

=
α2

16E2

(

1 −
m2

e

E2

)1/2
(

1 −
m2

µ

E2

)3/2

σ =
πα2

4E2

(

1 −
m2

e

E2

)1/2
(

1 −
m2

µ

E2

)3/2

which is precisely what I showed in class.

4. The Lagrangian density for QED is given by

L = −
1

4
F 2

µν + ψ(iγµ∂µ +m)ψ + eψγµAµψ

Use the definitions

ψL =
1 − γ5

2
ψ , ψR =

1 + γ5

2
ψ

ψL = ψ
1 + γ5

2
, ψR = ψ

1 − γ5

2

to rewrite the Lagrangian in terms of the “left” and “right” handed fermions. Explain why this tells
us that unless the mass of the fermion is zero, we do not have definite helicity states.

Solution:

In this case, we can use the fact that the (1 ± γ5)/2 are projectors

PL =
1 − γ5

2
, PR =

1 + γ5

2

satisfy P 2
L = PL, P

2
R = PR, PL + PR = 1, so

ψ = ψL + ψR

ψ = ψL + ψR
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So we have
ψψ = (ψL + ψR)(ψL + ψR)

and the “diagonal” terms vanish:
ψLψL = ψPRPLψ = 0

so
ψψ = ψLψR + ψRψL

For the terms with the γµ, we use the fact that

PLγ
µ = γµPR

because γ5 anticommutes with all gamma matrices. In this case, the “diagonal” terms then don’t
vanish, but the cross terms do, so

ψγµψ = ψLγ
µψL + ψRγ

µψR

and we have

L = −
1

4
F 2

µν + ψL(iγµ∂µ)ψL + ψR(iγµ∂µ)ψR +m(ψRψL + ψLψR) + eψLγ
µAµψL + eψRγ

µAµψR

So the mass term is a two-point interaction between the left- and right-handed fermions. If this mass
is set to zero, then the left- and right-handed fermions do not interact at all. This is called a “chiral
symmetry.”
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