
Problem Set 6 (“Midterm”) Solutions

Due: By classtime, Oct. 27, 2008, no exceptions

For this assignment, you are not allowed to work together, although you can use any notes and texts.
Additionally, if you have any questions on the problems, email me (as I will be out of town this is your only
option), and I will respond to all students with my answer. Overall this assignment will be part of your
homework grade, but is worth 100 points.

1. [10 pts] Derive the full vertex in terms of the electromagnetic form factor, Gπ(q2) for the π+, recalling
that the pions are spin-zero.

Solution:

Here the full vertex will be of the form
〈p′|Γµ|p〉

and the pions have no spin. We only have two four-vectors in this problem, pµ, (p′)µ, and they can
come in two ways:

〈p′|Γµ|p〉 = Gπ(q2)(p + p′)µ + G′

π(q2)(p′ − p)µ

The first term is precisely what the tree-level vertex is in Scalar QED. The second term must vanish
because of charge conservation, since dotting q = p′ − p into this gives

qµ〈p′|Γµ|p〉 = G′

π(q2)q2

and this must vanish. So we have

〈p′|Γµ|p〉 = Gπ(q2)(p + p′)µ

2. [10 pts] Show using charge conjugation invariance that the electromagnetic form factor for the π0 is
zero (use the same result from problem 1 to get the form, and then show that Gπ = 0 for all q2 with
charge conjugation invariance). Why does this not hold for the neutron?

Solution:

No we can start from the previous problem, which would hold for any spin-zero particle, including the
π0. We can show this vanishes though, by looking at the full coupling to a photon:

〈p′|Γµ|p〉Aµ

As we saw in class, the π0 is a C = +1 state, while the photon is a C = −1 state. Thus, under a C
transformation, we have

〈p′|Γµ|p〉Aµ →C −〈p′|Γµ|p〉Aµ

Since C-invariance is a symmetry of QED, these two must be equal, and thus Gπ(q2) = 0 for all q2 for
the neutral pion.

This doesn’t hold for the neutron because the neutron is not its own antiparticle. Thus, while the F1

form factor for the neutron vanishes at q2 = 0, due to its vanishing charge, it does not vanish a priori

for non-zero q2.
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3. [30 pts] Now derive the electromagnetic form factors for the ρ+ meson. The full vertex will have the
form

ε∗α(p′)
(

eΓαµβ
)

εβ(p)

where the polarization tensors of the ρ satisfy

p
′αεα(p′) = pβεβ(p) = 0

and
p2 = (p′)2 = m2

ρ

Be sure to write down all possible terms that arise due to Lorentz invariance, and use charge conser-
vation ((p′ − p)µΓαµβ = 0) to reduce the number of form factors to three. [In general, for a particle
of spin-s, there are 2s + 1 electromagnetic form-factors which in the q2 → 0 limit, lead to 2s + 1
electromagnetic moments. In the case of a spin-one field, you get in addition to the electric charge and
magnetic dipole moment, the electric quadrupole moment.]

Solution:

This is a more involved problem. We have to form a rank-3 tensor, so we need three indices. We have
the following objects to combine:

gµν , qµ, (p + p′)µ

where q = p′ − p as usual. So we have the following possible terms, where all the functions A, B, . . .
are functions only of q2 as usual:

Γαµβ = Agαµqβ + Bgαβqµ + Cgβµqα + Dgαµ(p + p′)β + Egαβ(p + p′)µ + Fgβµ(p + p′)α

+ Gqαqµqβ + H(p + p′)α(p + p′)βqµ + I(p + p′)µ(p + p′)βqα + J(p + p′)α(p + p′)µqβ

+ K(p + p′)α(p + p′)β(p + p′)µ + Lqαqβ(p + p′)µ + Mqαqµ(p + p′)β + Nqµqβ(p + p′)α

Phew. Okay, so now we want to dot qµ into this, and all terms that have (p + p′)µ in them vanish
automatically, but any terms with qµ won’t, so this means we must set B = G = H = M = N = 0.
There are more relations, so let’s set these to zero and then dot q into the remaining:

qµΓαµβ = Aqαqβ + Cqβqα + Dqα(p + p′)β + Fqβ(p + p′)α = 0

So this says that A = −C and D = F = 0. We are left with:

Γαµβ = A(gαµqβ − gβµqα) + Egαβ(p + p′)µ + I(p + p′)µ(p + p′)βqα

+ J(p + p′)α(p + p′)µqβ + K(p + p′)α(p + p′)β(p + p′)µ + Lqαqβ(p + p′)µ

Additionally, all terms with (p′)α and pβ will vanish because of the transversality relation above. This
means that we can replace (p + p′)α with qα and (p + p′)β with −qβ . Doing this we have

Γαµβ = A(gαµqβ − gβµqα) + Egαβ(p + p′)µ − I(p + p′)µqβqα

+ Jqα(p + p′)µqβ − Kqαqβ(p + p′)µ + Lqαqβ(p + p′)µ

So the last four terms are the same form! We will write this in the standard form:

Γαµβ = −G1(q
2)gαβ(p + p′)µ − G2(q

2)(gαµqβ − gβµqα) +
1

2m2
ρ

G3(q
2)(p + p′)µqβqα

The minus signs in the first two terms are just because of the “mostly minus” metric, and ensures
that G1(0) = +1. Also the introduction of the ρ mass in the third term ensures G3 to be the same
dimension as the other two form factors.
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4. [20 pts] Calculate the differential cross-section in terms of the form factors for e−ρ+ → e−ρ+ scattering.
For this, you can average/sum over initial/final polarization states of the ρ, and so you need

∑

i

ε(i)µ (p)ε∗(i)ν (p) = −gµν +
pµpν

m2
ρ

where i runs over the three spin states of the ρ.

Solution:

So here the matrix element is given by

iM = (ie)2ū(r)(k′)γνu(s)(k)
−igνµ

q2
ε
(i)
β (p)ε∗(j)α (p′)

[

−G1(q
2)gαβ(p + p′)µ − G2(q

2)(gαµqβ − gβµqα)

+
1

2m2
ρ

G3(q
2)(p + p′)µqβqα

]

=
ie2

q2
ū(r)(k′)γµu(s)(k)ε

(i)
β (p)ε∗(j)α (p′)

[

−G1(q
2)gαβ(p + p′)µ − G2(q

2)(gαµqβ − gβµqα)

+
1

2m2
ρ

G3(q
2)(p + p′)µqβqα

]

〈|M|2〉 =
e4

6(q2)2
Tr[(k/′ + m)γµ(k/ + m)γν ]

[

−gββ′ +
pβpβ′

m2
ρ

] [

−gαα′ +
p′αp′α′

m2
ρ

]

×
[

−G1(q
2)gαβ(p + p′)µ − G2(q

2)(gαµqβ − gβµqα)

+
1

2m2
ρ

G3(q
2)(p + p′)µqβqα

]

×
[

−G1(q
2)gα′β′

(p + p′)ν − G2(q
2)(gα′νqβ′ − gβ′νqα′

)

+
1

2m2
ρ

G3(q
2)(p + p′)νqβ′

qα′

]

The factor of 1/6 comes from averaging the two electron spins and the three rho spins. Now, since the
ρ spin sums are symmetric under interchange of indices, we can make a simplification. The G1,3 terms
are symmetric under α ↔ β interchange, while G2 is antisymmetric. So taking the first ρ factor with
the two spin sum factors, these symmetries are maintained. Thus we can drop all terms that will be
proportional to

G1G2, G3G2

So we will write
[

−G1(q
2)gαβ(p + p′)µ − G2(q

2)(gαµqβ − gβµqα) +
1

2m2
ρ

G3(q
2)(p + p′)µqβqα

]

×
[

−G1(q
2)gα′β′

(p + p′)ν − G2(q
2)(gα′νqβ′ − gβ′νqα′

) +
1

2m2
ρ

G3(q
2)(p + p′)νqβ′

qα′

]

= G2
1(q

2)gαβgα′β′

(p + p′)µ(p + p′)ν +
1

4m4
ρ

G2
3(q

2)(p + p′)µ(p + p′)νqβqαqβ′

qα′

− 1

2m2
ρ

G1(q
2)G3(q

2)
[

(p + p′)µqβqαgα′β′

(p + p′)ν + gαβ(p + p′)µ(p + p′)νqβ′

qα′

]

+G2
2(q

2)(gαµqβ − gβµqα)(gα′νqβ′ − gβ′νqα′

)
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And we have just dropped the terms that will vanish when contracting with the spin sums. Let’s
dot the ββ′ spin sum into this first, and we’ll call this Lαα′µν

ρ . We will consistently use the relation
p2 = (p′)2 = m2

ρ

Lαα′µν
ρ = (p + p′)µ(p + p′)ν

[

−G2
1(q

2)gαα′ − 1

4m4
ρ

q2G2
3(q

2)qαqα′

+
1

m2
ρ

G1(q
2)G3(q

2)qα′

qα

]

− G2
2(q

2)(q2gαµgα′ν − gαµqα′

qν − qαgα′νqµ + gµνqαqα′

)

+
(p + p′)µ(p + p′)ν

m2
ρ

[

G2
1(q

2)pαpα′

+
(q · p)2

4m4
ρ

G2
3(q

2)qαqα′ − (q · p)

2m2
ρ

G1(q
2)G3(q

2)
[

qαpα′

+ qα′

pα
]

]

+
1

m2
ρ

G2
2(q

2)(gαµ(p · q) − pµqα)(gα′ν(p · q) − pνqα′

)

Now dotting the other spin sum, dropping the arguments of the form factors:

Lµν
ρ = (p + p′)µ(p + p′)ν

[

(

2 +
(p · p′)2

m4
ρ

)

G2
1

+

(

− q2

m2
ρ

+
(q · p)2

m4
ρ

+
(q · p′)2

m4
ρ

− (q · p)

m6
ρ

(q · p′)(p · p′)
)

G1G3

+

(

(q2)2

4m4
ρ

− (q · p)2q2

4m6
ρ

− (q · p′)2q2

4m6
ρ

+
(q · p)2(q · p′)2

4m8
ρ

)

G2
3

]

+ G2
2

(

2(q2gµν − qµqν) − 1

m2
ρ

(

(p · q)2gµν − (p · q)pµqν − (p · q)qµpν + q2pµpν

+ q2(p′)µ(p′)ν − (q · p′)(p′)µqν − (q · p′)(p′)νqµ + (q · p′)2gµν

)

+
1

m4
ρ

((p′)µ(p · q) − pµ(p′ · q))((p′)ν(p · q) − pν(q · p′))
)

We will use the lab frame of the ρ for this calculation, and we will neglect the recoil of the ρ (so we’re
at some relatively low energy). This means that

p ≈ p′ = (mρ,0)

so
q · p = q · p′ ≈ 0, p′ · p ≈ m2

ρ

This allows us to simplify the above expression significantly. Note, though we don’t say q2 = 0, because
we will allow the electron to scatter off at some angle, so q2 = −2|k|2(1 − cos θ):

Lµν
ρ = (p + p′)µ(p + p′)ν

[

3G2
1 −

q2

m2
ρ

G1G3 +
(q2)2

4m4
ρ

G2
3

]

+ G2
2

(

2(q2gµν − qµqν) − q2

m2
ρ

(

pµpν + (p′)µ(p′)ν

)

)

Let’s dot this into the electron trace, which is

Tr[k/′γµk/γν ] = 4[k′

µkν + k′

νkν − (k′ · k)gµν ]
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〈|M|2〉 =
2e4

3(q2)2
[k′

µkν + k′

νkν − (k′ · k)gµν ]

{

(p + p′)µ(p + p′)ν

[

3G2
1 −

q2

m2
ρ

G1G3 +
(q2)2

4m4
ρ

G2
3

]

+ G2
2

(

2(q2gµν − qµqν) − q2

m2
ρ

(

pµpν + (p′)µ(p′)ν

)

)}

=
2e4

3(q2)2

[

2

{

k′ · (p + p′)k · (p + p′)

[

3G2
1 −

q2

m2
ρ

G1G3 +
(q2)2

4m4
ρ

G2
3

]

+ G2
2

(

2q2(k′ · k) − 2(k · q)(k′ · q) − q2

m2
ρ

(

(p · k′)(p · k) + (p′ · k′)(p′ · k)

)

)}

− (k′ · k)

{

12m2
ρG

2
1 − 4q2G1G3 +

(q2)2

m2
ρ

G2
3 + 4q2G2

2

}]

For more simplification:
k · q = −k′ · k = −k′ · q

Similarly, k′ · p = k′ · p′ and the same for k. We also have

k′ · p = k · p = k · p′ = k′ · p′ = mρE

k · k′ = −1

2
q2 = 2|k|2 sin2 θ

2
= 2E2 sin2 θ

2

So we have

〈|M|2〉 =
e4

3E2 sin4 θ
2

(

1 − sin2 θ

2

)

[

3m2
ρG

2
1 − 4E2 sin2 θ

2
G1G3 + 4

E4

m2
ρ

sin4 θ

2
G2

3

]

Notice that in this limit of neglecting recoil, there is no contribution from the G2 form factor (this is
connected with the magnetic moment of the ρ, and thus if the ρ is not recoiling, there would be no
effect). Now the differential cross-section in the ρ lab frame is

dσ

dΩ
=

α2

12m2
ρE

2 sin4 θ
2

(

1 − sin2 θ

2

)

[

3m2
ρG

2
1 − 4E2 sin2 θ

2
G1G3 + 4

E4

m2
ρ

sin4 θ

2
G2

3

]

5. [30 pts] Now calculate the decay rate for the process B → Deν̄e, where B, D are heavy-light spin-zero
mesons with quark content D ∼ cq̄, B ∼ bq̄, and q = u, d, s. First, we can express the matrix element
in terms of two form factors:

〈D(p′)|V µ|B(P )〉 = f+(q2)(p + p′)µ + f−(q2)(p − p′)µ

Neglecting the electron mass, we can ignore f−. The matrix element for this process is given by

M(B → Deν̄e) =
√

2GF Vcbf+(q2)(p + p′)µū(pe)γµ
1 − γ5

2
v(pνe

)

with GF the Fermi coupling constant (relevant to the weak interactions), and Vcb is a CKM matrix
element which describes the likelihood of the b → c transition. Calculate the decay rate using this,
summing over the final spins. To keep the q2-dependence explicit, calculate dΓ/dq2, where

dΓ

dq2
= dΓδ[q2 − (p′ − p)2]

The tricky part of this is to calculate the 3-body phase space integrals.
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Solution:

We only are summing over the final spins (no averages over the initial spin, because the B is a spin-0
particle)

〈|M(B → Deν̄e)|2〉 =
1

2
G2

F |Vcb|2|f+(q2)|2(p + p′)µ(p + p′)ν Tr[(p/e + m)γµ(1 − γ5)p/νe
(1 + γ5)γν ]

= G2
F |Vcb|2|f+(q2)|2(p + p′)µ(p + p′)ν Tr[(p/e + m)γµ(1 − γ5)p/νe

γν ]

= G2
F |Vcb|2|f+(q2)|2(p + p′)µ(p + p′)ν Tr[p/eγµp/νe

γν ]

The γ5 term vanishes because of the µ ↔ ν symmetry.

Now, let’s start with this and calculate the differential decay rate is

dΓ

dq2
=

1

2mB

d3p′

(2π)32E′

d3pe

(2π)32Ee

d3pν

(2π)32Eν
(2π)4δ4(p − p′ − pe − pν)δ[q2 − (p′ − p)2]〈|M|2〉

We first integrate over the electron and neutrino momenta, so we calculate

Jµν =

∫

d3pe

(2π)32Ee

∫

d3pν

(2π)32Eν
Tr[p/eγµp/νe

γν ](2π)4δ4(q − pe − pν)

=

∫

d3pe

(2π)32Ee

∫

d3pν

(2π)32Eν
Tr[p/

e
γµp/νe

γν ](2π)4δ4(q − pe − pν)

We can evaluate this easily knowing that it can only be a function of q, so

Jµν = Aqµqν + Bgµν

And we know that q = p′−p = pe +pν dotted into this must make it vanish, since dotting the electron
and neutrino momenta into the original expression give us p/2

e = 0 (and the same for the neutrino), so
q2A = −B, and

Jµν = A(qµqν − q2gµν)

Now let’s trace J = Jµ
µ , so we have

J = −3q2A

and now the integral itself, we use γµp/γµ = −2p/ and q2 = 2pe · pνe
:

J = −
∫

d3pe

(2π)32Ee

∫

d3pν

(2π)32Eν
Tr[p/ep/νe

](2π)4δ4(q − pe − pν)

J = −4

∫

d3pe

(2π)32Ee

∫

d3pν

(2π)32Eν
pe · pνe

(2π)4δ4(q − pe − pν)

J = − 1

8π2Ee

∫

EνdEνdΩq2δ(q0 − Ee − Eν)

or

J = − 1

2π
q2

so

Jµν =
1

6π
(qµqν − q2gµν)

Now we can evaluate (remember 2p · p′ = −q2 + m2
B + m2

D:

(p + p′)µ(p + p′)ν(qµqν − q2gµν) = (q · (p + p′)q · (p + p′) − q2(p + p′)2)

= [p2 − (p′)2]2 − q2(p + p′)2

= [m2
B − m2

D]2 − q2(m2
B + m2

D + 2p · p′)
= [m2

B − m2
D]2 − q2(2m2

B + 2m2
D − q2)

= m4
B + m4

D − 2m2
Bm2

D − 2q2m2
B − 2q2m2

D + q4

= (q2 − m2
B − m2

D)2 − 4m2
Bm2

D
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and we have the two-body phase space formula:

∫

d3p′

(2π)32E′
δ[q2 − (p′ − p)2] =

4π

2(2π)3

∫

(p′)2dp′

E′
δ[q2 − (p′ − p)2]

=
1

4π2

∫

(p′)2dp′

E′
δ[−m2

D − m2
B + 2mBE′ + q2]

=
1

4π2

∫

[(E′)2 − m2
D]dE′

√

(E′)2 − m2
D

δ[−m2
D − m2

B + 2mBE′ + q2]

=
1

4π2

∫

[(E′)2 − m2
D]1/2dE′

2mB
δ[E′ − (m2

D + m2
B − q2)/2mB]

=
1

16π2m2
B

[((m2
D + m2

B − q2))2 − 4m2
Bm2

D]1/2

=
1

16π2m2
B

√

(q2 − m2
B − m2

D)2 − 4m2
Bm2

D

So now we have

dΓ

dq2
=

G2
F |Vcb|2|f+(q2)|2

192π3m3
B

[(q2 − m2
B − m2

D)2 − 4m2
Bm2

D]3/2

Now, to get the total rate of course we could now integrate over q2, but this form is useful in Heavy
Quark Effective Theory.
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